ON THE SLOPE CONJECTURE FOR THE FOURGONAL LOCUS IN M g 



BEORCHIA VALENTINA AND ZUCCONI FRANCESCO 



ABSTRACT. We prove the Harris - Stankova slope conjecture for some families B of curves contained in 
M g> 4 such that the closure U£> is -Mg >4 . We also refine Harris - Stankova slope conjecture for trigonal 
£S) ■ curves of odd genus. 
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> ! 1. Introduction 

The geometry of the moduli space M g is strictly related to the properties of the effective cone 
E c Pic(Mg) <8> M and of the slope function s:E->IU {oo} of effective divisors on M g , as defined 
by Harris and Morrison in [HMo] 

o : [9/2] 

s(D) := inf{— : a, b > such that aX — b5 — D = Cj<5j, where c« > 0}, 
o z — ' 

i=0 

where A denotes the class of the Hodge line bundle, So,... , &\g/2] the boundary divisor classes corre- 
^ \ sponding to singular stable curves and 5 := 5o + ■■■ + 8\ g /2] t ne total boundary. 
Then one can define the slope of the moduli space as 

s(M g ) := mf{s(D) : D € E}. 

The number s{M. g ) is a meaningful invariant of M. g and it encodes several information on the ge- 
ometry of M g , see: [EH], [Fa], [FP], [HM], [HMo]. For instance, the Harris-Mumford theorem LHM] 
on the Kodaira dimension of M g , is equivalent to the inequality s(M g ) < s(Kj^J = ^, for g > 24. 
Harris and Morrison conjectured [HMo] that the inequality s(M g ) > 6 + holds, equality being 
attained only for the classical Brill-Noether divisors. Counterexamples were provided in [FPJ for in- 
finitely many g though all of these have slope greater than 6. On the other hand, all the methods (cf. 
[HMo, P]) for bounding s(M. g ) from below for large g, yield only bounds that tend to zero with g. 
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Recently Chen, Farkas and Morrison in [CFM] posed the following natural question: 
Problem 1.1. Does the limit Sqo := lim^oo s(M g ) exist, and, if so, what is its value? 

A possible approach to such a problem is the following: find a Zariski dense collection B of 
1-cycles B^, so that any effective divisor must intersect one of these curves non-negatively, obtaining 

the bound s(M g ) > inf^ s{B fl ), where s(B^) = ( 

To such a circle of ideas belongs the study of the bounds on the slope on the moduli spaces 

of n-gonal curves M g n . A conjecture of Harris and Stankova, see [S) Conjecture 13.3, asserts that if 

B C M g n is any 1-dimensional family with smooth generic member and not lying in a codimension 

one subvariety of M g n , then: 

/ 2 \ 2n 

s(B) < 6 + +— . 

V n — 1/ g 

The aim of this paper is to construct families of n-gonal curves containing the general element 
of the families of curves constructed in [HMoJ and such that the Harris-Stankova conjecture holds 
for them. 

To explain our work, let us consider a curve B C M. g n and let us perform a semistable reduc- 
tion f:S^B, see II AWL Recall that the notion of slope s(B) for a curve B c M g is related to the 
slope s(f) of / : S — > B. If ujf := u>s® denotes the relative canonical bundle, Kf = K$ — f*K^ 

is the associated divisor and Xf = deg f*ujf denotes the relative Euler characteristic, Xiao (cf. |X1|) 
defines the slope of / as 

K f 

Xf 

The slope s(f) of semistable fibrations is invariant under base change (cf. [SzJ). 

We have the equality A • B = Xf, and Grothendieck-Riemann-Roch Theorem applied to the 
projection from the universal curve to the subscheme of canonical stable curves of genus g gives the 
relation (see |M|) 12(A • B) = Kj + 5 • B. Then 

s(f) = 12 — s(B) G (0, 12]. 

Hence the slope conjecture for a general B C M g , n can be rewritten as s(f) > 6 — — ^ =: ^(g). 

The first result relating the gonality of the general fiber and the slope was given by Cornalba- 
Harris in (CHI and Xiao in El: 

Theorem 1.2. (Cornalba-Harris, Xiao). If g > 2 and f is not locally trivial, then s(f) > 4 — ~. Moreover, 
s(f) = 4 — | if and only if the general fiber is a hyperelliptic curve. 

On the other hand, if B passes through a general point of M g , Eisenbud - Harris [EHJ and 
Konno MK2II gave the following better bound: 



Theorem 1.3. (Eisenbud-Harris, Konno). Assume that the general fibre of a fibration in semistable curves is 

(3-1) 

(i+ry- 



general in its moduli space. Then s(f) > 6 — 1 ~ > 



The families not satisfying the last inequality are contained in the closure of the locus of n-gonal 

sM l g>n CM g forn=[^-\-l. 

A first result toward the slope conjecture has been given by [S): 
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Theorem 1.4. (Stankova) The slope of any fibration in Deligne-Mumford semistable trigonal curves satisfies 

s(/) > "to-D, 

with equality if and only if all fibers are irreducible, S is a triple cover of a ruled surface Y over B, the 
ramification R divisor of the covering p: S — > Y satisfies R = ^p*p±R, and the general fiber of f: S — ► B is 
a trigonal curve ofMaroni invariant m > 2. 

Furthermore, if g is even, if the general fiber has Maroni invariant and a condition on the singularities 
of the singular fibers is satisfied, then the slope is bounded by: 

s(/)>5-~ 
9 

Barja and Stoppino |BS| proved that the last bound for g even holds without the hypotheses 
of semistability and without the assumptions on the singularities by using the Cornalba-Harris in- 
equality. Another proof of such a result in even genus case has been given recently by Fedorchuk 
and Jensen in (FJ| . 

Some particular examples of fourgonal fibrations are given by double covers of hyperelliptic 
fibrations. Concerning these cases we have the following results IBZ,|B]|: 

Theorem 1.5. Barja-Zucconi: Let f:S — > B be a genus g, relatively minimal, non isotrivial fibration. 
Assume f is a double cover fibration of a fibration of genus 7. Then, if g > 4j + 1 we have 

U) - G7-4 7 -l)(<7-7) + 2( 5 -l)7 2 ' 
Recently, such a result has been sharpened by Cornalba and Stoppino in ICSI : 

Theorem 1.6. Cornalba - Stoppino: Let f : X — > B be a double fibration of type (g,j), that is a relatively 
minimal genus gfibered surface such that there is a degree 2 morphismfrom the general fiber of f to a smooth 
curve of genus 7. 
Then 

h - 1) 

In the present paper we investigate the cases n = 3 and g > 5 and n = 4 and g > 10. 

Let B c .Mg 3,^4^ 4 be a curve not contained in the boundary. By the semistable reduction 
Theorem, up to base change over the normalization of B, we can construct a semistable fibration 
f : S —> B such that the closure of the image of the induced moduli map B — » M. g is B, and 
/ : S —> B factorizes through a rational map p: S — * Ytoa ruled surface 7Tb : Y — > B (see, for 
instance, [HMoJ). We next resolve the map p, and we get a generically finite morphism it: X — > Y. 
The case where it : X — > Y is finite is treated in Section 2. To deal with the difficult case where 
7r : X — > Y is not finite we say that a curve B C M. g n is an HM-curve if it : X — > Y is a finite 
morphism over a neighbourhood of any point of the branch locus B(7r), which is not a simple node; 

see: DefinitionlH If B C M g>z ,M g . 

4 is an HM-curve the analysis of the locus where the morphism 
7r : X — > Y is not finite is essentially given by Harris and Morrison in [HMo , pages 343-347] and by 
their study we see that the family B of HM-curves is such that UB is M g n for every n. 

Next, instead of pursuing the approach explained in [HMoJ, we consider the Stein factorization 
of 7r : X — > Y to get a finite flat morphism h : X — > Y between a normal surface X and the ruled 
surface Y . Then we perform a partial resolution of h : X — > Y to obtain a Gorenstein cover p : X — > 
Y where Y is a suitable blow-up of the ruled surface Y. Since we consider only HM-curves and 
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the cover has degree at most four, we can control how the invariants change along the process. In 
particular, by the theory of Gorenstein covers, we are able to express the invariants of the induced 
fibration X — > B in terms of the Chern classes of the push-forward p+ui ^ly of the relative canonical 
bundle. 

In the trigonal case, we recover Theorem 11.41 and the missing case of a fibration in general 
trigonal curves of odd genus, with the assumptions that B does not intersect the codimension two 
locus of curves with Maroni invariant m > 3 in M. 3 . The crucial result we use is Viehweg Weak 
Positivity Theorem [V] 3.4] for jo*(Jy ,y. We prove: 

Theorem 1.7. If B c M. g $ with g > 5 is an HM-curve, with general point corresponding to a general 
trigonal curve of odd genus g > 11, and assume that B does not intersect the codimension two locus of curves 
with Maroni invariant m > 3. Then 

s(f) > 5 



9 + 1 

Remark. We point out that we received a private communication by A. Deopurkar and A. Patel, who 
constructed a family of rational curves in M. l g 3 with g odd and dense union, whose slope is slightly 
higher than our bound. Their fibrations factorize through a finite Gorenstein cover p : S — > P 1 x P 1 
with quotient vector bundle (p+uig/pi xP i ) / P i xP i ) very ample and uniform. 

Our technique allows to treat also the fourgonal case for HM-curves. We obtain a similar de- 
scription to the trigonal case. 

Theorem 1.8. Let B c M g 4 with g > 10 be a HM-curve, and let f : S — > B be a semistable reduction. 
Then: 

(1) if the general fiber of f is a general fourgonal curve of odd genus g > 10, then 

m > 16 16 

S[J) - 3 3(3 5 + l)' 
in particular, the slope conjecture is true for an HM-curve in M g4: for g odd. 

If moreover the vector bundle p*1^ p ^ (2) arising from the associated Gorenstein cover p : X — > Y 
is weakly positive and uniform, it holds: 

(2) if the general fiber of f is a general fourgonal curve of even genus, then 

3 9 

(3) if for the general fiber of f the gonal degree four cover does not factorize, then 

„ w 24(g-l) 

* 7%T3T 

with equality if and only if f factorizes through a finite degree four cover p of a ruled surface whose 
ramification divisor R satisfies R = jp*p*R; 

(4) if for the general fiber of f the gonal degree four covering factorizes through a double cover of a hyper- 
elliptic curve of genus 7 < ^I 3 -^ , then 

h - 1) 

In particular, the slope conjecture is true for an HM-curve under our assumptions. 
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Remark. The uniformity condition on pj.^ w(£) (^) * s °P en ' as Brundu and Sacchiero have shown in 
[BSa| that if C is a fourgonal curve and (a, j3) is the splitting type of the analogous rank two vector 
bundle, the dimension of the varieties parametrizing fourgonal curves with fixed splitting type drop 
by two if /3 increases by one. 

The weak positivity condition is satisfied, for instance, by a large class of complete intersections 
of two very ample divisors in a projective bundle over a ruled surface. 

Remark. Our results confirm the general belief, that fibrations with low slope s(f) should occur when 
the fibers are special in their moduli space. 
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varieta algebriche e dei loro spazi di moduli (2008). 
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authors thank also P. Hawking, M. Manetti, A. Verra and A. Alzati. 

Finally, the authors are grateful to A. Deopurkar and A. Patel for their remarks on the earlier 
version of the paper, and for the explanation of their interesting examples. 



2. Fibrations factorizing through finite covers of a ruled surface 

In this section we assume that / : S — > B is a fibration, which factorizes through a degree n 
cover p : S — > Y, where ttb ■ Y — > B is a ruled surface over the smooth genus b curve B. We shall 
denote by 

£ v ^ coker p*, 

where : Oy — > p*Os is the trace map, and by R the ramification divisor. The following result is 
well-known, see for instance |CE| . 

Theorem 2.1. Let Y be an integral surface and let p : S — > Y be a Gorenstein cover of degree n > 3. There 
exists a unique F n ~ 2 -bundle iry ■ P — >• Y and an embedding i : S — >• P such that p = Try ° i. Moreover 
P ^ P(£) and the ramification divisor R satisfies: 

O s (R)^i*O m (l). 

The Grothendieck-Riemann-Roch Theorem applied to the morphism p gives some first rela- 
tions between the invariants of S, Y and £ . We denote by A(Y) the Chow ring of Y and by = the 
numerical equivalence. 

Lemma 2.2. Let Y be an integral surface. Let p : S — » Y be aflat cover of degree n, and let p*Os — Oy(B£ v . 
Then in A(Y) (giQwe have 

(1) frR = 2a(£) t 

(2) x (Os) = n X (Oy) + \c x {£) ■ K Y + \ Cl {£) 2 - c 2 (£); 

(3) c 1 (p,O s (2R)) = 3c 1 (£), 

(4) c 2 (p*O s (2R)) = 4 Cl (£) 2 + c 2 (£) - R 2 . 

Proof. The result follows from Grothendieck-Riemann-Roch Theorem applied to the morphism p : 
S — > Y and the sheaves 0$ and Os(2R), respectively. The first relation is well known. We have 

ch( Pl O s ) ■ tdTy = p*(chO s ■ tdTs), 

which gives 

ch(p,0 5 ) • (1 - \k y + x{Oy)) = p*(l - \k s + x(O s )), 
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that is 

{n - Cl (£) + \{c 2 {£) - 2c 2 (£)) • (1 - \k y + x (O y )) = p*(l " ^ + x(Os)). 
The divisorial part satisfies 

- Cl {8) = ~(p*K s - 4K Y ). 

As K$ ~ p*Ky + .R, we have p^-Kg = 4fTy + p+R and the first claim follows. 
The equality between the codimension two cycles gives formula I0. 
Formulae 10, Q]) follow from the relation 

ch(p*O s (2R)) ■ tdTy = p±(chO s (2R) ■ tdT s ), 

which implies 

(n + Cl (pM2R)) + ^(c 2 ( Pic O s (2R)) - 2c 2 {p*O s {2R))) • (1 - X -K Y + X (O y )) = 

= + 2R + 2R 2 ) ■ (1 - Ik s + x(O s ))). 

Finally we apply © and ([2]). □ 

Lemma 2.3. Lei p : S ^Y bea Gorenstein degree n cover of a ruled surface ttb : 1^ — ^ -B oi>er a smooth curve 
B. Let T Y cY be any section, let F y be the fiber over a point y e B and let Tq be the Q-divisor on Y given by 
T = T Y - \TyFy. Then 



Proof. Set £ y = £ <g> Op . As To and F y form a Q-basis of P£c(y), we can express c\{£) as: 

ci(f) = degc 1 (£ y )r + 5F w 

for some 5 G Q. 

We claim that deg c\(£ y ) = g + n — 1. 

Indeed, by Lemma LT2l p+it! = 2ci(£), and by costruction p*F y = C y . Hence, by projection 
formula, we have degei(£ y ) = \R- C y . Since the general fiber C y is transversal to the ramification 
divisor R, then the restriction R\c y gives the full ramification locus of the degree n covering p y : C y — > 
P 1 . In particular the claim follows by Riemann-Hurwitz formula applied to p y : C y — > P 1 . 

Finally, by taking into account that T 2 = 0, F 2 = 0, T -F y = 1, we get ci{£) 2 = 2(g+n-l)S. □ 

Proposition 2.4. Let f : S B be afibration which factorizes through a Gorenstein degree n cover of a ruled 
surface. Then 



»(/) 



Proof. Recall that Grothendieck-Riemann-Roch Theorem applied to the fibration / : S — > B yields 

\f 



Kj = K 2 s - 8(g - l)(b - 1), X f = x(Os) - (g - l)(b - 1). 



By Lemma LT2l we can write: 

K 2 f = (R + p*K Y ) 2 - 8(g - 1)(6 - 1) = R 2 + 4ci(£) • i-Cy + nK Y - 8{g - 1)(6 - 1). 

In the Q-basis T , F y we have Ky = -2T + n* B K B , so K y = -8(6 - 1) and a(£) ■ K Y = - ^-1) + 
2(g + n — l)(b — 1) since Lemma 1231 Hence the computation of IT 2 , easily follows. 

To determine x f we apply Lemma 12.21 $2$ and the relations above taking into account that 
x{O y ) = 1 — 6 since Y is ruled over B. □ 
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We conclude with an upper bound on R 2 , which follows from the Algebraic Index Theorem. 

Lemma 2.5. Let p ; S — s- Y be a degree n Gorenstein cover, with S a normal surface, and let p*Os — Oy ®£ y ■ 
Then 

r 2 < -cm 2 . 

n 

Proof. By the Algebraic Index Theorem on a normal projective surface the signature of the intersection 
pairing on Num(£) 8> R is (1, m — 1), where m is the rank of Num(S). 

Consider the subvector space V of Num(5)(8>R generated by R and p*c\{£). If it is 1 -dimensional, 
then R = qp*ci(£) for some q G R; as p±R = 2c\{£), we have q = 2/n, so R 2 = ^c\{£) 2 . 

Now assume that V := R(i?) © M.(p*c\(£)) is 2-dimensional. Since R gives an embedding then 
intersection pairing on such a subgroup has signature (1,-1). 

So the determinant of the matrix 

R 2 R-p* Cl {£) 
R-p* Cl (£) (p* Cl (£)) 2 

is negative, that is R 2 {nci{£) 2 ) < (R ■ p*ci(£)) 2 . As p±R = 2c x {£), the claim follows. □ 

The idea now is to determine some lower bounds on C2 {£) and on R 2 in the trigonal and fourg- 
onal case. 

2.1. The trigonal case. Now we treat the case n = 3. We have: 

Proposition 2.6. Let f : S — > B be afibration with general fiber a trigonal curve, and assume that itfactorizes 
through a Gorenstien degree three cover p : S -^Y of a ruled surface -kb'- Y — > B. Then 

(2.1) R 2 = 2ci(£) 2 -3c 2 (£). 

In particular 

j^c x {£f - 3c 2 (£) 



(2-2) s(f) 



(g+i) 



2(^+2)Ci(£) 2 -02(f) 

Proof. As the fibers of p are all Gorenstein zero-dimensional schemes of degree three, the sheaves 
p*Zgw(£)CZ) an d -R 1 P*^s,P(£)(2) are locally free, and since they are generically zero, they are zero. So 
the push forward of the exact sequence 

-»• X W )(2) O m (2) -)■ O s (2R) -»• 

yields an isomorphism 

Sym 2 (£)^p+O s (2R). 

By taking into account that ci(Sym 2 £) = 2>c\{£), C2(Sym 2 (£)) = 4c 2 (f ) + 2c\{£) 2 , the equation 
C2{Sym 2 {£)) = C2(p*Os{2R)) gives the statement since Lemma 12^21 

□ 

We finally bound c 2 {£ ). When the general fiber is any trigonal curve, we apply Lemma 1231 
When the general fiber is a general trigonal curve, the gonal bundle is balanced and we are 
able to bound c 2 (f ) using Theorem |2.8l 

Proposition 2.7. Let f : S — > Bbe afibration with general fiber a trigonal curve, and assume that ffactorizes 
through a Gorenstien degree three cover p : S — > Y. Then 

(V c 2 (£) > § Cl (£) 2 ; 

(2) c 2 (£) > \c\(£) 2 if the general fiber of f isageneral trigonal curve of even genus g; 
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(3) C2 (£) > i(g+2) c i (£) 2 if the general fiber of f is a general trigonal curve of odd genus g, and £ is 
uniform on Y. 

Proof. The first two inequalities can be found also in [SJ. 

The first statement follows from Lemma 1231 and the equality R 2 = 2c\(£) 2 — 3c2(£) of Propo- 
sition I221 The other two statements follow from Theorem 12.81 below, taking into account that for a 
general trigonal curve the Maroni invariant is zero in even genus case, so the general splitting type 
of the restriction of £ to a fiber of Y is (a, /3) with a = j3 = % anc ^ £ turns out to be Bogomolov 
semis table. 

In the odd genus case, the general Maroni invariant is 1, so a = f3 — 1 = ^ 1 - > . Moreover, as 
P+ujS/Y is weakly positive by Viehweg's Theorem (Vj 3.4], as by relative duality we have p^ujS/Y = 
(p±Os) y and as the trace sequence splits, the rank two vector bundle is a direct summand of p+u)S/Y, 
so it is weakly positive. □ 

Theorem 2.8. Let Qbea rank two vector bundle on a ruled surface ttb : Y — >• B over a smooth curve B, and 
let (a, (5), < a < (3 be the general splitting type of the restriction to a fiber ofY. Then 

(V c 2 {Q) > 1 I c 1 (g) 2 ifa = p; 

Proof We shall follow E). 

Assume first a < f3 and G weakly positive and uniform. Let Ty C 1" be a section of ttb '■ Y — > B 
with Ty < 0. The locally free sheaf ttb*G{— flTy) on B has rank one and we set 

KB*G(-PTy) = O b (L) 

for some divisor L on B. Moreover, the natural map tt b Ob{L) — > Q{—f3Ty) is generically injective, 
hence it is an injective map of sheaves. Then we can consider the following exact sequence: 

-> Oy(TT B L) -> G(-l3Ty) -> Oy{D)®I Z -> 0, 

where Z C Y is an effective zero-dimensional cycle such that tt^ttb+Z is the jumping lines divisor. 
As Q is uniform, we have Z = 0. Then we have the sequence 

-> Oy((3T y + ir B L) -> Q -> y (aTV + vr^Af) -> 0, 

and the Chern classes satisfy 

c 2 {G) = (PT Y + tt b L) ■ (aTy + tt b M) = a/3T Y + adeg^L) + /3 deg(vr^M). 

Next we express ci(t/) in the following way: 

(c 1 (g) 2 -(a + /? ) 2 r y Q 
2(a + P) 



(2) 02(G) > 2( a +g^ c i(^) 2 if a < fln£ ^ G zs weakly positive and uniform on Y . 



C1 (G) = (a + /?)Ty + ^ U ^ 7^;r ±Y) F y , 



so that deg(vr^L) = ^gl^g^r) _ deg(vr* M) and we get 



c 2 «?) = 2(q " ^ c 2 + I (/3 - «)T 2 + (/? - a) deg(^M). 

Finally, observe that as G is weakly positive, so is the quotient line bundle OyiaTy + n B M), hence 
aTy + tt b M is nef. 

Indeed, as, by definition, for any ample divisor H on Y and for any iV > the bundle 

(Sym N Oy(aT Y + vr^M)) (8) 0y(il) = Oy(N(aT Y + vr^M) + if) 

is ample, the claim follows. 

In particular we have (aTy + ir B M) ■ Ty > 0, hence deg(vr^M) > -aT y . 
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Finally, as T Y < by assumption, we get the statement. 

In the case a = /3, the claim can be proved in the same way as above, by taking into account 
that ^TTB-kG{— (3Ty) has rank two and its Bogomolov discriminant A is zero as such a vector bundle 
is the pull back of a vector bundle on a curve. On the other hand, the exact sequence 

-> ir* B Tr B ,g(-f3T Y ) -> Q{-pT Y ) ^Iz^O 

gives Z = A(Q(—(3Ty)), and as A is invariant under shifting by a divisor, we get 

4c 2 (£) - Cl {gf = A(g) = A(g(-/?iy)) > o. 

Remark. This inequality follows also from the fact that Y is a fibration on B and the restriction of Q to 
the general fiber is Bogomolov semistable, hence Q is Bogomolov semistable by [Mo, Theorem 2.2.1]. 

□ 

Remark. The uniformity condition in Theorem 12.81 (]2]) is open in the two cases in which we apply 
Theorem |2.8l 

Nevertheless, we believe that the uniformity condition could be dropped by using the theory 
on weakly positive coherent sheaves and possibly the assumption Z n Ty = 0. 

As a consequence we directly get the following. 

Theorem 2.9. Let f : S — > B be a fibration with general fiber a trigonal curve, which factorizes through a 
degree three cover p : S —>Y of a ruled surface ttb'-Y^-B, and let £ = (p+ujs/y)/Oy- Then 

(1) s(f) > ^jj^pp- with equality if and only if the ramification divisor R satisfies R = ^p*p+R; 

(2) if the general fiber is a general trigonal curve, then 

5 rr for q odd and £ uniform; 

5 - | = 7*3(3) for 9 even. 
2.2. The fourgonal case. Now we treat the case n = 4. 

Proposition 2.10. Let f: S — > B be a fibration with general fiber a fourgonal curve, and assume that f : S — > 
B factorizes through a Gorenstien degree four cover p : S — > Y where Y is a ruled surface over B. Let T be 
the rank two vector bundle p*Xs )P (£)(2). Then 

(2.3) R 2 = 2ci(£) 2 - 4c 2 (£) + c 2 (T), 
hence 

(2.4) s{f) = p$ Cl{£? _ 4c2{£) + C2{T) 



s(f)> 



-J§¥|^) 2 -<*(*) 

Proof. The push forward of the exact sequence 

-»• X sm {2) -»• O m (2) -»• O s (2) -> 

gives 

-> J" -> S'ym 2 ^) -> p*Os(2R) -> 0. 
AsbyLemma|221ci(p^05(2i?)) = 3ci(f) and c 2 (/9*Os(2i?)) = c 2 (£) + 4ci(£') 2 - ii 2 , and as 

(2.5) Cl {Sym\£)) = 4 Cl (£), c 2 {Sym 2 {£)) = 5c 2 (£) + 5 Cl (£) 2 , 

we get 

= (*{£), c 2 (T)=R 2 + 4c 2 {£)-2 Cl {£) 2 . 

The slope equality follows from Proposition l2.4l □ 
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Now by a detailed study of the ideal sheaf of the surface S inside P(£) we are able to bound 
c 2 {F) and c 2 {£) in terms of ci(£) 2 . Finally this will give some bounds on the slope. A first estimate 
on c%{£) in terms of c-z{T) and c\{£) 2 follows from Lemma 1231 

Corollary 2.11. We have 

(2.6) c 2 (£)>i( Cl (£) 2 + c 2 (J-)). 

Proof. Lemma 1231 implies ci{£) 2 > R 2 = 2c x {£ ) 2 - 4e 2 (£ ) + c 2 {F) and the claim follows. □ 

Corollary 2.12. Let f : S — > B be afibration, which factorizes through a degree four cover p : S — >■ Y, where 
-kb :Y ^ B isa ruled surface over B. Then 

(2.7) a(/)>4+ (9+3) 



Proof. As the expression for the slope in Proposition l2.10l is an increasing function in C2{£), the claim 
follows from Corollary 12.111 

□ 

Finally we bound c 2 (T) ■ We need to recall a famous result by Schreyer |Sch|l on fourgonal 
curves. 

Theorem 2.13. The canonical model of any fourgonal curve C of genus g > 5 is a complete intersection of 
two divisors of the type 2H — bi¥ y and 2H — b2^ y in its three-dimensional gonad scroll W, where H is the 
tautological divisor, P y is a fiber ofW, and the integers bi and b 2 satisfy 

< b 2 < h < g - 5, h + b 2 = g - 5. 
Moreover, the degree four covering C — s> P 1 induced by the g\ factorizes through double cover of a curve of 
genus 7 < if and only ifb\ > |(<? — 3) and 7=^ + 1. 

We present now our bounds. We denote by C y the fiber of / : S — > B and by F y the fiber of 
7Tb : Y — > B over the point y G B, and by p y : C y — > F y = P 1 the restriction of the degree four cover. 

Theorem 2.14. Let f : S — » B be afibration, which factorizes through a degree four cover p : S —?- Y, where 
7Tb : Y — )■ B is a ruled surface over B. Then if the general C y is a general fourgonal curve of odd genus g, the 
rank 2 vector bundle T = p+ls t p(2) satisfies 

(2.8) c 2 (T)>± Cl (£) 2 . 

Moreover, if the general fiber C y is any fourgonal curve and T is weakly positive and uniform on Y , we have 

(1) C2 (T) > j^c 1 (£) 2 ; 

(2) c 2 {F) > \c\(£) 2 if for the general y € B, p y : C y — > P 1 does not factorize; 

(3) c 2 (T) > ^~~^j c i(^) 2 if the general C y is a general fourgonal curve of even genus g. 

Proof. Let (a, /3), a < j3 be the splitting type of T on the general fiber of Y . We are going to apply 
Theorem l2.8l to the rank two vector bundle T . 

We need to bound a. Consider a general fiber C y C S and set V y = P(£ <g) Of ). By definition we 
have F®0 Fy = p*l SjP (2Te)®0 Fy . By projection formula p*l s , ¥ (2T P )®0 Fy ^ p*(I s , P (2T P )® p*0 Fy ), 
so 

T®0 Fy =p*{l Cy y y {2T nVy )). 
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since l Cy y y (2T ¥ ) lVy = X S , P (2T P ) ® p*0 Fy . 

By Theorem l2.13l we can study the minimal free resolution of Xc y y y . Indeed, let W y C P 9_1 be 
the scroll containing the canonical model of the general fiber C y . Let H y be the hyperplane section of 
W y C F 9 ^ 1 . A minimal free resolution of Zc y y/ y {2H y ) has the form: 

-► Wy {-2H y + (g- 5)P„) -> Wy (b{F y ) © Wy (b 2 F y ) -> l Cy ,w y {2H y ) 0. 

Recall also that if (7 > 10, the #4 on the general fiber is unique, so the two dimensional scroll con- 
taining a four-gonal curve as a four-secant curve is unique. As S embeds in P by the linear system 
determined by the ramification divisor R, the vector bundle giving the gonal scroll W y = F(7i y ), 
which contains the canonical model of C y , satisfies 

Now consider the isomorphism between the two scrolls: 

and set Tmy =: T y . By definition it follows that H y ~ (t>*(T y ) — 2F y . Then a minimal free resolution 
of 1o y ,v y (2T y ) is given by: 

-> Wy {-2T y + (g + 3)Pj,) -> Wy ((h + 4)P„) © Wy {(b 2 + 4)F y ) -> Z^.V, (2T„) ->• 0. 
p,C^(-2T y + ( 5 + 3)P W ) = R x P ,0 Wy {-2Ty + (g + 3)P„) = 0, 

we have 

p,X CH y H (2T y ) ^ ¥ i(h + 4) O p i(6 2 + 4), 

so 

a = b 2 + 4, /3 = 6i+4, a + /3 = g + 3. 

By Theorem l2.13l we have a > 4, and if the cover pc y ■ C y — ► P 1 for does not factorize, a > ^ g ^ 3 ^ . 
Taking into account Theorem 12.81 this proves claims (1) and (2). 

Finally, assume that the general fiber of / : S — > B is a general fourgonal curve. From the 

stratification of the fourgonal locus M. g ^ given in [BSa], it follows that 

a = /3= ^±2) if g i s dd, 

a = (3 — 1 = t ^ S i s even - 
Again, taking into account the inequality in Theorem l2.8[ the claimed bounds l|2.8|) and (0 follow. □ 

Remark. The weak positivity and uniformity assumptions are fulfilled in the following example: let 
■kb'- y — > B be a ruled surface on a smooth curve B, let Ty be a very ample section of ttb and let 
£ be a very ample rank three vector bundle on Y. Set 7r : P(5) — > y to be the natural projection 
and i? the tautological divisor on F(£). Finally, let S C P(£) be the complete intersection surface of 
two very ample divisors 2H — air^Ty and 2H — (3tt*Ty with /3 > a > 1. Then the vector bundle 
J 7 = Oy{olTy) © Oy (/3Ty) in this case, so it is very ample and uniform. 

As a consequence we have the following result. 

Theorem 2.15. Let Shea normal surface. Let Y be a ruled surface over a smooth curve B and let ir b : Y —?- B 
be the morphism induced by the ruling. If f : S —?- B is a fibration which factorizes through a Gorenstein 
degree four cover p : S —>Y, then 
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(1) if the general fiber C y of f : S — s> B is a general fourgonal curve of odd genus g, then 

»(/) > ? 16 



3 3(3<? + 1) 



With the further assumptions T weakly positive and uniform on Y , we have: 

(2) s(f) > 4; if the equality holds, the gonal degree four covering pc y : C y — >■ P 1 for C y a general fiber of 
f : S — > B factorizes through a double cover of an elliptic curve; 

(3) if the 4-cover pc y ■ C y — > P 1 for C y for a general fiber factorizes through a double cover of a curve of 

genus 7 < ^ 9 ~^ , then 

S (/)>4 + 4|^|; 

(4) if the gonal degree four covering pc y ■ C y —?■ P 1 for C y a general fiber of f : S — >■ B does not factorize, 
then 

24( 5 - 1) 



s(f)> 



(5g + 3) 



with equality if and only if R= \p k p ir R] 



4/ 

(5) if the general fiber C y of f : S — s> B is a general fourgonal curve of even genus g, then 

3 g 

In particular the slope conjecture holds for n = 4 under our hypotheses. 

Proof. This is a straight consequence of Lemma |2~31 Theorem 12.81 Theorem 12. 141 Proposition |Z7| and 
the fact that such a bound is an increasing function in C2 (J 7 ). □ 

Remark. 



3. Slope of general semistable fibrations in trigonal and fourgonal curves. 

Recall that if the general fiber is an n - gonal non-hyperelliptic curve of genus g > (n — l) 2 , so 
that the g\ is unique, then, up to a base change, we may glue the g^'s over the fibers to form a linear 
system on S. This linear system gives a generically finite rational map over a ruled surface. Moreover 
we can choose S to be of general type with birational canonical map and such that the canonical map 
restricts to the canonical map on a fiber. 

This construction relies on base changes, which do not affect the slope. The following result is 
well-known to the experts (see, for instance, [HMo]]). 

Theorem 3.1. Let fx : S± — > B\ be a non isotrivial semistable fibration with fiber of genus g > 2 obtained 
by normalization and base change of a curve B c M. g via semistable reduction. Assume that the general fiber 
is a smooth n-gonal curve and that g > (n — l) 2 . Then there exists a base change B — > Bi such that the 
if f: S -» B is the fibration obtained by the base change then s(f) = s(f\). Moreover there exists a ruled 
surface ttb ■ P(S) — > B and a rational map p: S — » F(B) such that f isfactorized through p. 

Moreover, the canonical map ofS is a birational map and \Kc \ = \Ks\c where C is a fiber of f : S — > B. 

By Theorem |3.1l in order to evaluate the slope of a non isotrivial semistable fibration with fiber 
an n-gonal curve it is sufficient to study the following diagram: 
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(3-1) 



X 



7T 



F{B) 



T 



s 



f 



B 



where S is a minimal surface of general type, in particular Ks is big and nef, r : X — > S is the minimal 
resolution of p : 5 — + P(Z3). As in the finite case, we shall still denote by Y the ruled surface P(£>). 

A similar construction has already been illustrated by Harris and Morrison in [HMoJ. In order 
to estimate the slope, they preferred to use an intermediate between the family of admissible covers 
and the semistable model S — > B. We rely on their analysis. In their case the ruled surface Y is 
a product surface B x P 1 . They blow-up A Y in order to have a finite cover G — > A where 
G dominates S: see MHMot Diagram (2.2), page 338] (observe that in [HMoJ Y and X denote two 
curves, our S corresponds to their F, our B corresponds to their Y). By the very explicit local analytic 
description of the cover G — > A and of the blow-up A — > B x P 1 done in [HMo, from page 343 to 
top of page 347], it follows that S differs from G over points of Y, where the branch divisor of the 
morphism G — > B x P 1 acquires a simple node. 

We stress that in a neighbourhood of the so-called points of type (3) [HMo, pages 344 - 346], 
the rational map S — + Y = B xF 1 is a finite morphism, even if the branch locus has not simple nodes 
[HMo, page 345 ]. We denote by B(tt) the branch locus of 7r: X — > Y. From now on we assume that 
the folio wig condition holds: 

(*) the morphism it : X — > Y is a finite morphism over a neighbourhood of any point of B(tt), 
which is not a simple node. 

Definition 3.2. An HM-curve is a smooth curve B C M gn such that the condition (*) holds. 

Let A^p 3/ respectively M. g> ±, denote the closure in M g of the trigonal locus, respectively the 

closure of the fourgonal locus. Assume that B c M. g 3 or B c M l g i is an HM-curve. By Section 2 of 

| HMo] the union of such curves is definitely Zariski dense in .M* 3 or M. g 4, so such curves furnish a 
good test on the slope. 

We point out that by Definition 13.21 over singular points of B(it) which are not simple nodes 
the surface S obtained by semistable reduction coincides with the surface X and X coincides with 
the Stein factorization of tt : X — > Y . In particular, a general curve in the class constructed in [HMol is 
a HM-curve and in the notation of [HMo] over such points, A coincides with B xF 1 and G coincides 
with S. 

We are going to prove that the finite case bounds on the slope hold also for HM-curves. The 
outline of the proof is the following. We consider the Stein factorization of n : X — > Y , in order to get 

a finite flat morphism h : X — > Y between a normal surface X and the ruled surface Y. 

Now it is possible to construct a Gorenstein model X and a Gorenstein finite cover p : X — > Y of 
a blow up of Y, and to determine precisely the invariants, just because by the condition (*) we need 
to analyse only germs of non Gorenstein cover of degree 3 or 4 branched over a germ of a simple 
node. 

Finally, we express the slope in terms of the Chern classes of the vector bundles £, arising from 
p*Ox — Oy © £ y , and T = (^wg\)*(^x p(£)(^))' anc ^ we Doun d the second Chern classes of such 
bundles by using similar arguments to those found in the finite case. 
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We can conclude by the fact that S is a minimal surface, and if / : X — > B denotes the induced 
fibration on the Gorenstein model X, the relation s(f) > s(f) holds. 

3.1. The trigonal case. The following results concern the birational Gorenstein models X of X in the 
degree three case, and the numerical class of the branch divisor, which is necessary to compute the 
invariants of / : X — > B. 

Theorem 3.3. Let X be a normal surface and let-it: X -^-Y be aflat degree three morphism to a ruled surface 
Y. If the non-Gorenstein points of X lay over simple nodes of B(ir), then there is a finite number of blow-ups 
a :Y — > Y and a partial resolution r : X — > X of X, such that X is Gorenstein and the induced degree three 
morphism p : X -+Y is Gorenstein. 

Moreover, the possible non-Gorenstein points of X are total ramification points, and 

P*R = 2 L + 2)T + IfV^ " 2 £ A > 

where T$ = T y — ^T~F y with X~ any section ofY, F y is a fiber ofY, the Ej are (—l)-curves arising from the 
non-Gorenstein points and £ is determined byp+O^ — O y ® ^ ■ 

Proof. Let P be a node of B(ir). We need to study the local behaviour of the covering it : X — > Y over 
an analytical neighboorhood of P isomorphic to the poly disk A c C 2 . We will follow (TJ. We know 
that if 7r : X — > Y is a finite and dominant morphism from a variety X with isolated singularities to 
a smooth variety Y and in Y there is a simple normal crossing divisor D such that it is smooth over 
Y\D then X has algebraic abelian quotient singularities. In our case to analyse the behaviour on P we 
can locally identify B(ir) C Y with {xy = 0} C C 2 y and P with (0, 0). The local fundamental group of 
C 2 , y \ {xy = 0} near the origin is free abelian of rank 2, generated by loops around the two boundary 
divisors. Thus ir is analitically equivalent to a covering of the form C 2 v \ {uv = 0} — > C 2 y \ {xy = 0} 
determined by the corresponding morphism of fundamental groups. Since the degree is 3 we have 
to consider subgroups of index < 3. 

Explicitly, let N = 1? be the lattice of 1-parameter subgroups of the torus (C*) 2 y . Let N' C N 

be a sublattice of index 2. Then we easily find that X is Gorenstein above P. 

Let N' C iV be a sublattice of index 3. This means that over the node we have an open set of X 
which is generically mapped 3-to-l. Then the inclusion N' C N corresponds to a degree three toric 
morphism Z — » C 2 ramified along the toric boundary divisors. Since it has degree three, the only 
non Gorenstein possibility is given by Z = 1/3(1, 1) = C 2 V /(Z/3Z). To find the resolution of such 

a non-Gorenstein point Q denote by and Eq C X the exceptional divisor over Q. It follows that Eq 
is an irreducible reduced rational curve E 2 Q = -3, E Q -> E is a 3-to-l cover of the exceptional curve 

E C Y given by blowing-up P. Hence = t*Kx — \Eq. Then by standard projection formula 
Eq ■ R = 4. Let Ei be the exceptional curves on Y where = Eq v i = 1, ...,t are the (— 3)- 

exceptional curves we have introduced to obtain our Gorenstein model X. We may express 

t 

ci (£) = (g + 2)T + kF y + Y J a*Ei 
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and letting a(£ ) 2 =: c 2 , we get k = ^t^f • Since = £ , Q i and p*R = 2c\(£) by Lemma l2~2l, it 
follows that 

A = R-E Qk = R-p k E k = p*R ■ E k = 2 {{g + 2)T + i±^ F y + ^a^ • E k = -2a k , 
hence a k = —2 for any k = 1, . . . , t. 



□ 



Theorem 3.4. Let ir : X — > Y be a genetically finite degree three covering between a normal surface X and a 
ruled surface ttb ■ Y — >• B over a smooth curve B such that fx'-X—>Bis afibration where fx = ° ^- 
Assume that the Stein factorization ofir: X — > Y satisfies the hypotheses ofTheorem \3.3\ 

Then the statements in Theorem IZ9l hold for the slope s(f) of the induced fibration f : X — > B on the 
Gorenstein model given by Theorem [ 



Proof. Let p : X — > Y be the Gorenstein cover constructed in Theorem l3.3l We have 

2 ( c\ A 4- ^ ^ 

Cl (S) = (g + 2)T + Cl 2 [ J + 2) F y - 2 £ E j} K y = -2T + tt*K b + X>i, 



so 



ci(£) 2 9 
(g + 2) (g + 2) 

Applying the formula R 2 = 2c\{£) 2 — 3c2(£) we get 



■ K Y = 2(6 - 1)0, + 2) - -ii-i- + 2-S—t. K\ = -8(6 - 1) - t. 



(g+jj /?n2 /?S , _9_. 

Next we observe that the latter is an increasing function in C2(£), so we need to bound it in 
terms of ci(£) 2 from below. By similar arguments used in Proposition |Z7] and Theorem l2.8[ one can 
prove the following: 

Proposition 3.5. The second Chern class of the rank 2 vector bundle £ satisfies: 
(V c 2 (£) > § Cl (£) 2 ; 

(5 + 1) A ,*2 



(2) c 2 {£) > -, -r I -c\{£) + t ) if the general fiber of f : X B is a general trigonal curve of odd 

genus g and £ is uniform on the proper transforms of the fibers ofY in the blow-up Y — > Y; 

(3) C2 {£) > \c\(£) 2 + tif the general fiber of f: X -4 B is a general trigonal curve of even genus g. 

Proof. The first inequality follows from R 2 = 2c\(£) 2 — 3c2(£) and Lemma 1231 
The other inequalities follow from 

where (a, /3), a < (3, is the splitting type of £ on the general fiber of Y, which can be proved just as in 
the case of a Gorenstein cover of a ruled surface; see: Theorem l2.8l 

We observe that in this case the uniformity condition on the fibres of Y is replaced by the 
uniformity condition on the proper transforms of the fibers of Y, as the zero-dimensional scheme Z 
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arising in Brosius sequence does not intersect the exceptional locus in Y . Indeed, in the odd genus 
case, such a sequence has the form 

If we restrict it to an exceptional divisor E, we get 

->■ O e -> £® O e -> O e (2) ®1z^0. 



On the other hand, a {£ <8> O e ) = a {£) • E = 2, so Z n E = I 
In the even genus case the Brosius sequence looks like 



Q^^ B (j B ) it£ (-^^T Y )^£(-^^T Y )^l z ^0, 



so that c 2 {£{- {j ^Ty)) = c 2 (£) + cx{£) • (-^T Y ) + (^) 2 T y = deg Z > and the statement 
follows. □ 

Remark. In the even genus case £ turns out to be semistable by [Mo], as in the case of a covering of 
a ruled surface. Hence we could use the Bogomolov inequality. We prefer to use the better bound 
C2 {£) > \c\ {£ ) 2 + 1 arising from Brosius sequence, which takes into account the particular expression 
found for c\ {£), as this allows to conclude the proof of Theorem l3.4l 

To conclude the proof of Theorem l3.4l it is enough to subsitute in the expression 



^ Cl (£) 2 -3c 2 (£) 



M^ Cl (£r - c 2 (£) + 

the bounds found in Proposition |3.5| and to notice that the so obtained functions are all bounded from 
below by the same expressions evaluated in t = 0. □ 

3.2. The fourgonal case. 

Theorem 3.6. Let X be a normal surface and let tt : X — > Y be aflat degree four morphism to a ruled surface 
Y. If the non-Gorenstein points of X lay over simple nodes of B(ir), then there is a finite number of blow-ups 
a : Y — » Y and a partial resolution T-.X—tXofX, such that X is Gorenstein and the induced degree four 
morphism p : X — > Y is Gorenstein. 

Moreover, the possible non Gorenstein points of X are total ramification points or ramification points of 
index three ofir, and 

where R is the ramification divisor ofp, Tq = T y — ^T~F y with T y any section ofY, F y is a fiber ofY, E[ are 
(—l)-curves arising from total ramification non-Gorenstein points and E" are (—l)-curves arising from index 
3 non-Gorenstein points. 

Proof. The argument is similar to the one in the proof of Theorem |3.3[ 

Let P be a node of B(tv). Since the degree is 4 we have to consider subgroups of index < 4 of. 

N = I?. 



fourgonal fibrations 



17 



Let N' c N be a sublattice of index 4. Then the inclusion JV'cJV corresponds to a degree 4 toric 
morphism Z — > C 2 ramified along the toric boundary divisors. Since the degree is 4 the only case 
where Z is not Gorenstein is given by Z = 1/4(1, 1) = C 2 )t) /(Z/4Z) with Z/4Z-action (u, v) h-> (iu,iv), 

and Z -> C 2 given by (u, v) h-> (x, y) = (u 4 , v 4 ). Now if Z — > Z is the minimal resolution and Y — >■ C 2 
is the blowup of P, then Z —> Y is finite flat. By the resolution of quotient singularities 1/4(1, 1) we 
construct the claimed partial resolution r : X — > X for such points. 

Let Qi, . . . Q s € X be the non-Gorenstein singular points of total ramification and let Eq 1 de- 
note the corresponding exceptional divisors on X. Set E[ := p(EQ t ) for % = 1, . . . , s. Then it holds 
that 

• 2Kj£ = t*(2Kx) - Ya=i where each EQ t is a rational curve; 

• Eq. = -4 and p : E Qi -> E is 4 : 1 on i = 1, . . . , s; 

• Eq ■ R = 6 and -Eq P, where R denotes the ramification divisor of p. 
We have = t*K x + aE Q and -2 = E Q + aPg = -4 - 4a, hence a = -\. 

Now we perform the analysis of a sublattice N' c N of index 3. This means that over the node 
we have an open set of X which is mapped 1-to-l and another which is generically mapped 3-to-l. 
The only non-Gorenstein possibility is given by Z = 1/3(1,1) = C 2 „/(Z/3Z). Denote by E T c X the 
exceptional divisor over a non-Gorenstein point T of this kind. It follows that Et is an irreducible 
reduced rational curve, E\ = — 3, Et — > E" is a 3-to-l cover of the exceptional curve E" C Y given by 
blowing-up P. Moreover Et ■ R = 4. Notice that to resolve the morphism we have to add a — 1-curve 
At C X which is disjoint from E T and which is mapped 1-to-l over E" C Y. Notice that P • Ay = 
but if we contract At we can't factorise to Y. We shall denote by E", . . . , E" all the exceptional curves 
on Y of this type. 

Finally observe that we may express 




i=i j=i 



Set cf := 



2 . We get 



d = 



2(5 + 3) 



Moreover 



p k E[ = E Qi , f?E'; = E Tj +A T] , p^R = 2 Cl {S), 



where Ti,...,T t are the index three non-Gorenstein points. 



It follows that 



6 = R-E Qk =R-p*E' k = p*R-E' k = 




E' k = -2dfc, 



hence ak = —3 for any k = 1, . . . , s. Similarly we find 



A = R-{E Tl +E' Tl ) = R- p^E'l = p*R • E'{ = 




E'{ = -26,, 



hence 6, = -2 for any i = 1, . . . , t. 
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□ 

Theorem 3.7. Let it : X — » Y be a genetically finite degree four covering betiveen a normal surface X and a 
ruled surface ttb ■ Y — >■ B over a smooth curve B such that fx - X — >• B is afibration where fx = ^B°^- 
Assume that the Stein factorization of it: X — >• Y satisfies the hypotheses ofTheorem \3.6\ 

Then the statements in Theorem \2.15\ hold for the slope s(f) of the induced fibration f ': X B on the 
Gorenstein model given by Theorem 13.61 

Proof We have R 2 = 2 Cl (£) 2 - 4c 2 (£) + c 2 (7), where f = (ttp)*!^ >p( ^ (2), and X j = x(O^) - (g - 
\)(b - 1) = 4x(Oy) + \ci{£) ■ Ky + \ Cl (£) 2 " 02(8) -(g-l)(b- 1). Now recaU that 



Cl (8) = (g + 3)r + l{£ l + l S J~ 4t F y -3j2 Ei -2j2 iff, K y = -2T + tt*K b + E K + £ iff, 
hence 



ci(£) 2 , 5 , .(5 + 1) 

- J-Af "I" °J ~ 

It follows that 



• = 2(6 - l) to + 3) - + 3 _^_ s + ^ A| = -8(6 - 1) - . - t. 



Kl = 2^±^ Cl (£) ! - 4c 2 (S) + 02(F), 



(9 + 2) ,?, 2 ,g\ , 3g (g + 1) 

As X is normal, we may apply Lemma 1231 and get 

1 



These relations give 



c 2 (S)>j[c 1 (8) 2 + c 2 (JF) 



(3.2) s(f) > 4 + " {g+3) 



r , f?\2 _ I ro rri + 3 g kill/' 



Next we observe that the latter is an increasing function in c 2 (T), and the c 2 (T) can be bounded 
using similar arguments as in the ruled case. The statement will follow as the resulting expressions 
are all bounded from below by the same expressions evaluated in s = t = 0. □ 

We point out that in the following Proposition in the general odd genus case T turns out to be 
Bogomolov semistable, but we prefer to consider the Brosius sequence also in this case, as it gives a 
better bound on the c 2 (T) than the Bogomolov inequality. 

More precisely we have: 

Proposition 3.8. The second Chern class of T satisfies: 

(1) c 2 (F) > \ [c\(£) 2 + 9s + it^j if the general fiber C y of f : X — >• B is a general four gonal curve of 
odd genus g; 

If moreover T is weakly positive and uniform on the proper transforms of the fibers of Y in the 
blow-up Y — > 1", then: 

(2) c 2 (F)>j^(c x (£Y + Vs + tt); 
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(3) C2(J r ) > \ \ c\(£) 2 + 9s + 4tj ifthegonal degree four covering pc y : C y — > P 1 for C y a general fiber 
of f : X — >• B does not factorize; 

(4) c 2 (7") > ^ ( c i(£) 2 + 9s + 4ij i/f/ie general fiber C y of f : X ^ B is a general fourgonal 
curve of even genus g. 

Proof. The proof is similar to the one in the trigonal case of Proposition 13.51 taking into account the 
bounds on (3 given in the proof of Theorem l2.14l □ 

We can finally conclude with our main result. 

Theorem 3.9. Let B c M g 3 , with g > 5, or B c M g 4 , with g > 10, be an HM-curve. Let f : S — > B be a 
semistable reduction obtained from B. 

Then the statements in Theorems \2.9\ and \2.15\ hold for f; in particular the Harris-Stankova conjecture 
holds for a HM-curve ifn = 4 and the genus is odd, and it holds for a general (not intersecting a codimension 
two subvariety) HM-curve ifn = 4, the genus is even and the vector bundle T is weakly positive. 

Proof. Fix a curve B as in the statement; after normalizing B\ — > B and by a base change B — > B\ 
we obtain a semistable fibration / : S — > B as in Theorem 13.11 We know that s(f) = 12 — s(B). Let 
it: X — > Y be the generically finite morphism naturally associated to the n-gonal fibration / : S — > B. 
Let h : X — > Y be the finite morphism arising from the Stein factorization of 7r. The surface X is a 
normal one; see: Lemma T3 . 1 1 belo w. 

Now we recall that a finite morphism between a normal and a smooth surface is flat, hence 
h : X — > Y is a finite and flat morphism. 

By condition (*) the possible non Gorenstein points of X can spring out of germs of Y where 
the branch locus has a simple node. Then the claims follow from Theorem l3.4l and Theorem 13 .71 

□ 

Only for lack of reference we prove this well-known result: 
Lemma 3.10. Let X and Y be two smooth schemes. Let it: X — > Y be a generically finite morphism. Let 
ir: X A X \ Y be the Stein factorization of it: X — > Y. Then X is normal. 

Proof. The problem is local since we have to show that for every point z e S its local ring Og 
is integrally closed in Frac(C^ 2 ) = C(5) = C(X). By EH Corollary 11.5 and Corollary 11.3] it 
holds that g+Ox = Og. By definition = hm zeU Og(U) = lim 2g(7 C'x(5~ 1 ^). Since X is smooth 
then Ox(g~ 1 U) is normal, that is it is integrally closed in C(X), since 5 _1 (L r ) is an open set of the 
topological space associated to the scheme X. Now we are reduced to show that the direct limit of 
a family of normal subrings of a field is a normal ring. Let {A}i^j be a directed family of integrally 
closed subrings of a field K. Let A = Mm^Aj. Let a G K and n G N such that a" + aia"" 1 + . . . + 
a n -\a + ao = where dj G A, i = 0, 1, . . . , n — 1. By definition of direct limit, there exists an m G I 
such that there exist bi G A m such that a n + 6ia n_1 + . . . + b n -\a + 6o = 0- Since A m is normal then 
a G A m . Then a G A. 

□ 
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